The system studied in this paper consists of thin structure with several piezoelectric patches bonded on its surface. The patches are used as actuators and sensors. Based on Kirchhoff-Love hypothesis, linear constitutive relations, plane stress formulation and Hamilton principle, we have developed a 2D model for this system using the finite element method. It is not a standard 2D model, since the calculation is performed on a structure that does not have symmetries that allow such easy assumptions. The originality of the work consists in the use of the concept of neutral plane to model this asymmetric system in 2D. This technique, beside good precision, saves computational time. An experimental device has been also built and tested to validate the model. The structural damping is included in the model to match the damping behavior of the real system. Optimizations of the thickness of piezoelectric patches and materials used in the thin structures are also presented in the paper.
Introduction
Thin structures containing piezoelectric materials are widely used to control vibrations [1] [2] [3] [4] [5] , for detecting damage in the structure [6] [7] [8] [9] [10] [11] [12] [13] , to design actuators like inchworm actuators, micropumps, valves, miniature robots, [14] [15] [16] [17] [18] , to design sensors and for energy harvesting [19] [20] [21] [22] [23] [24] [25] . Two large branches are studied in the literature due to their domain of applications, namely beam and plate structures. On the other hand, these systems may be symmetrical or asymmetrical where the piezoelectric materials are collocated or not on the thin beam/plate. In a symmetrical system the piezoelectric materials are bonded face-to-face on both sides of the beam/plate while in an asymmetrical one the piezoelectric materials are bonded only on one side surface of the structure. It may be noted that there is another type of structure containing piezoelectric materials where the piezoelectric materials are embedded in the beam/plate [7] , this type of structure is not concerned in this study.
For symmetrical or asymmetrical beam structures with respectively collocated or non-collocated piezoelectric materials, a 1D analytical or numerical model can be used to model such system; examples for modeling symmetrical systems can be found in [2, [26] [27] [28] [29] [30] [31] [32] and for asymmetrical ones in [1, 28, [33] [34] [35] . In the first case the neutral axis is taken as the symmetry axis (mid plane) of the system while in the case of asymmetrical systems it is necessary to determine such neutral axis.
In the case of plate structures, 2D or 3D Finite Element Method (FEM) can be used to model the system. In the 3D approach volume elements are used while in the 2D case surface elements are used while the 3 rd dimension is introduced in the model equations. It is obvious that the second approach is faster but a little more complicated in model formulation. Several papers in literature are devoted for modeling thin structure with piezoelectric patches using the 2D approach in the case where the symmetry of the system is maintained at the disposal of patches [2, 27, 28, [36] [37] [38] . The 2D approach is more difficult for an asymmetrical structure, where piezoelectric patches are not collocated (patches bonded on only one side of structure surface), due to the fact that the neutral plane of the structure is not confused with the mid plane as in the case of a symmetrical structure. This case is not reported yet in the literature and it will be the aim of this paper.
The aim of this paper is to develop a 2D FEM to model an asymmetrical system where non-collocated piezoelectric patches are bonded on a thin structure, using the variation of the neutral plane and to validate it experimentally. Two cases are treated, the first is the case said ''actuatorsensor" where some patches are used as sensors and others as actuators, while the second is the case of "actuatoractuator", where all patches are used as actuators. First, we present the studied system, the model assumptions, setting equation and variational principle using Hamilton principle. We then present the FEM model of the system and its validation by comparing the results with experiment in the case of a plate structure. The comparison has been done at resonance frequencies and concerned the deformation of the system for an applied voltage to actuator piezoelectric patches, as well as the obtained voltage for sensor piezoelectric patches. After validation of the model, a study of the optimum thickness of piezoelectric patches, which gives a maximum displacement of the structure, is done for several types of structure materials. Also a study of the variation of the resonance frequency depending on the thickness of piezoelectric patches is given, thus allows choosing the optimum thickness of piezoelectric patches and the most suitable materials.
Presentation of the studied device
The studied device consists of a thin structure with several piezoelectric patches bonded on one side of its surface i.e. non-collocated piezoelectric patches (asymmetrical system). Examples of such asymmetric systems are shown in Fig. 1 where four colored rectangles stand for piezoelectric patches are bonded on one side of rectangular and circular thin structures with and without holes. As you can see from figure, our studied system is modeled in the plane 2D (x,y) , the third dimension (z) is taken in calculation, thanks to the use of the concept of neutral plane. This allows us to model this asymmetric system in only two dimensions as presented in figure. 
Variational principle
Several ceramic PZT patches are bonded on one side of the structure and they are polarized along the axis z. Given the geometry of the system where the thickness is very small compared to the other two dimensions, the stress along the z axis is neglected, and therefore plane stress formulation is adopted. The equation of the system is determined based on Kirchhoff-Love hypotheses. Plane stress is assumed in x and y directions. With the assumption of small deformations (deformation less than a fifth of the thickness), the cross-section remains perpendicular to the neutral plane after deformation. The electric field is assumed to be uniformly distributed in the z direction and thus the displacement field becomes
Where u 1 , u 2 and u 3 are the displacement in x, y and z direction respectively. w(x, y, t) is the displacement along z of the neutral plan (zn) of the system. The neutral plane (zn) is a plane in the cross section of the system where there are no longitudinal stresses or strains. It can be determined by using the first Newton law, here zn is calculated from the bottom of the system according to the coordinate system adopted in Fig. 2 , and thus:
Where σ 1 and σ 2 represent respectively the stress in x and y direction. They are obtained using the linear constitutive relations for elastic materials and plane stress formulation. Here we used Voigt notation, that allows us to replace the pairs of letters 11, 22 and 12 by the number 1, 2 and 6, where 2ε 12 = ε 6 is engineering shear strain.
Under the assumption of linear elastic materials and plane stress formulation, we can write 
where σ m 1 and σ p 1 are the axial stresses along x direction for the elastic structure and piezoelectric patches respectively, σ m 2 and σ p 2 are the axial stresses along y direction for the elastic structure and piezoelectric patches respectively, σ m 6 and σ p 6 are the shear stresses in the plane (x, y) for the elastic structure and piezoelectric patches respectively. Em and νm are the Young's modulus and Poisson's ratio for the elastic structure. ε 1 and ε 2 are the axial strains along x and y direction respectively. ε 6 is the shear strain in the plane (x, y). s E 11 , s E 12 and d 31 are the elastic compliances and piezoelectric coefficient for the piezoelectric patches and ε σ 33 is the dielectric permittivity at constant stress. Noted by lp, lm, bp, bm, tp, tm the length, width and thickness for the piezoelectric patches and the thin structure respectively. The neutral plane is at the mid plane of the thin structure when there are no piezoelectric patches on it. In the case where they bonded it at the surface of the thin structure, the neutral plane is determined by integrating the equations 2 and 3 and we obtain:
Equations 7 and 8 give
And after simplification, the neutral plane zn calculated from the bottom of the system according to the coordinate system adopted in 
The discontinuity on the neutral plan is already reported on [17] using an analytical method in the case of a beam with one piezoelectric patch bonded on it. This discontinuity allows us to model this asymmetric system in two dimensions and it will be validated experimentally in this paper.
Applying Hamilton principle as described in [1] , we obtain the variational equation that represents the mechanical and piezoelectric system.
where ρ and [c] are volume density and stiffness matrix for both thin structure and piezoelectric patches.
Kirchhoff-Love plate theory is used because we are considering the case of thin structure with non-collocated piezoelectric patches; in the case of thick structure more precise theory such as Mindlin-Reissner theory [2, 39] should be considered taking into account this variation of the neutral plane in the case of asymmetric system.
Modeling of the system using 2D FEM
In a finite element formulation, the unknowns are the values of the solution to the nodes of the mesh. The displacement field {u} is related to the values of the corresponding node {u i } by the interpolation functions. Lagrangian functions are not used in this problem because the solution w (x, y, t) must be C 1 -continuous while Lagrange only provides C 0 continuity. The choice of Hermit elements satisfies this condition. Thus, with the Hermit elements, the solution {u} which depends only on w (x, y, t) in this case reads as follows on a triangle i:
where
are the interpolation functions [40] , and
are the unknowns of the triangle i.
Integrating equation 11 over the entire volume of the system, we obtain an equation that describes the system by surface integrals along x and y. Integration of this equation in the plane (x, y) of the system returns to integrate on each triangle and make the sum. The boundary conditions are taken into account in the assembly of matrices and the numerical equation is then written taking into account the damping matrix as follows 
is a diagonal matrix and it is equal to
We should know that the damping matrix [C mm ] is added to the system and it is determined experimentally to match the damping behavior of the real system. Particular cases for two and four piezoelectric patches are taken in appendix.
Actuator-sensor
The first case treated is the case actuator-sensor where the patches actuators are deformed under the effect of an electric fields E 3pa (t) and the patches sensors behave like an open circuit (Qps = 0), while no external loads applied. The letter 'a' is referred to actuators patches and the letter 's' to sensors patches. The equation 13 becomes:
To clarify, a particular case of four piezoelectric patches where two patches are considered as actuators and the two others as sensors is taken in Appendix.
Actuator-actuator
In this case all patches are used as actuators while no external loads applied. The model system obtained from equation 13 is governed by the following matrix equation
A particular case of four piezoelectric patches is taken in Appendix to clarify.
Model validation
To validate our model experimentally, we took an aluminum plate structure fixed at one end, the other being left free. Two ceramic PZT patches are bonded on one side of the plate and they are polarized along the axis z. Properties and geometrical parameters for the piezoelectric ceramic PZT and the elastic structure are presented in Table 1 and the system is shown in Fig. 3 . We begin the process of model validation by comparing the non-damping resonant frequencies of the model with the experimental ones, then we apply a sinusoidal electrical voltage to one patch, we measure the transverse displacement of the plate and the obtained electrical voltage for the other patch in the case of open circuit and resistance shunt circuit. All measures are done using a high resolution laser interferometer LK-G3001PV Keyence France. The damping matrix [C] is determined experimentally. The Rayleigh damping is considered as a classical way to model the damping of the structure. It uses the assumption that the damping matrix is proportional to a linear combination of the mass matrix and the stiffness [41, 42] .
α and β are the Rayleigh coefficients. In the formulation of equation 16, orthogonal transformation form the following equation [41] ,
where ε i is the damping ratio and w i is the resonance frequency.
It can be seen from 17 that, by experimentally obtaining the damping ratio ε i for two different resonant modes, the Rayleigh coefficients α and β can be calculated. The experimental damping ratios corresponding of two vibration modes were obtained from the system resonance curve [42] . The resulting Rayleigh coefficients and damping ratio are given in table 2.
Resonance frequencies comparison
In short-circuit, the voltage E 3p is zero. In the case of an open circuit, the electric charge Qp is zero. The resonance frequencies and modes shapes of the system when the two electrodes of the piezoelectric patches are short circuited (E 3p = 0) are given by 
Transverse displacements comparison
We treat here the case sensor-actuator where the actuator is powered by a sinusoidal voltage of 20V amplitude and frequency equal successively to the first, second and fourth resonant frequency of the system. Measurements of displacement along the z axis are performed on a portion of the device (Fig. 6 ) and they are compared with the model results given by the following equation 
Piezoelectric sensor
As we said in the section 5.2, we treat here the sensoractuator case where the patch powered by a sinusoidal voltage of 20 V amplitude is called piezoelectric actuator and the other is called piezoelectric sensor, as shown Fig. 8 . After comparing the actuator functionality of the model by measuring the transverse displacement of the system, we are comparing the sensor functionality by 
Optimal design
In this section, we will study the influence of the thickness of the piezoelectric patches and the material rigidity of the structure on the amplitude of the transverse displacement and the resonance frequency of the system. We are interested in the thickness which gives a maximum transverse displacement of the plate and this optimal thickness is the same for static and dynamic operation of the system [43] . A static study is done to determine this thickness. The optimum thickness for the two patches is determined for a constant electric field applied to a patch, while the other being kept in open circuit. By varying the thickness of the patches and calculating the transverse displacement at a given point for different rigidities of the plate (table 4) , we obtain the curves of Fig. 9 . The decrease (in each curve) in Fig. 9 shows that when the thickness of the piezoelectric patches becomes large, the bending stiffness of the system becomes more important than the bending moment generated by piezoelectric patches [44] . We can also see the influence of the stiffness of the structure, on transverse displacement function of piezoelectric thickness. Fig. 10 represents the first resonant frequency depending on the thickness of piezoelectric patches. We are interested at the material that gives the best compromise between maximum transverse displacement and maximum frequency. According to figure 9 & 10, we get the aluminum as the better elastic materials. For this type of materials we can note that the optimal piezoelectric thickness is equal to 0.45 mm compared to 0.5 mm thickness of the plate as shown in table 1. When we are interested in maximum energy conversion from electrical to mechanical, in the case of an aluminum elastic material for example the maximum displacement is obtained at 0.45 mm and in the case of steel at 0.72 mm thickness of piezoelectric patches compared to 0.5 mm thickness of the plate. 
Conclusions
In this article, we have developed a finite element model for an asymmetrical system taking into consideration the variation of the neutral plan of the system. The system consists of an elastic thin structure with piezoelectric patches bonded on its surface. Using the notion of the neutral plane in our asymmetrical system allows us to model it in two dimensions, taking into account the third dimension in the analysis. This saves computing time compared to a three-dimensional simulation because of 2D instead 3D simulation. We have seen also, that in analyzing the maximum displacement of the system, the optimal piezoelectric thickness could be comparable to the thickness of the elastic structure. The model can also optimize the position of patches based on the intended applications. Special damping techniques can be analyzed with the help of the developed model when connecting electrical circuits in the system. This asymmetrical system can be used to detect damage on the structure, to reduce unnecessary vibrations, as well as for robotic applications. In all these applications the proposed method is more practical due to computation time saving. 
Nomenclature
In the case of two piezoelectric patches, the equation 13 wrote as: 
